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This paper is concerned with the fracture of a ﬁber embedded in a matrix of ﬁnite radius. There is a periodic array of
cracks in the ﬁber along the central axis of the medium. The paper accounts for the cases of axial extension and residual
temperature change of the composite medium. Fourier and Hankel transforms are used to reduce the problem to the solu-
tion of a system of dual integral equations, which are solved by the singular integral equation technique. Rigorous fracture
mechanics analysis, which exactly satisﬁes all boundary conditions of the problem, is conducted. Numerical solutions for
the crack tip ﬁeld and the stress in the ﬁber are obtained for various values such as crack radius, crack spacing and ﬁber
volume fraction.
 2008 Elsevier Ltd. All rights reserved.
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Fiber reinforced composites are developed for high-performance engineering applications. A detailed
understanding of the stress state in the constituent materials is essential to ensure the reliability of those
advanced materials. Fiber breaking and matrix cracking are typical damage modes in the ﬁber/matrix com-
posites. The former is a very serious damage, which can result in the collapse of the entire structural material.
The later is less serious but can alter the strength and stiﬀness of the entire system. Many researchers have
studied the fracture of ﬁber/matrix composites and predicted the strength and stiﬀness of the composites with
ﬁber breaking and/or matrix cracking (e.g., Reifsnider et al., 1997; Landis and McMeeking, 1999; Park et al.,
2004). In particular, the problem of matrix cracking has been investigated by many authors. For example,
in situ strengths and matrix cracking in composites under tension and shear have been predicted by Camanho
et al. (2006); gradual failure of ﬁber/polymer laminates was investigated by Knops and Bogle (2006); matrix
cracking interacted with ﬁber–matrix debonding in short-ﬁber composite materials was studied by Nguyen
et al. (2005); eﬀect of transverse matrix cracking on the performance of cross-ply laminates has been evaluated0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2008.02.026
* Corresponding author. Tel.: +86 755 26033491.
E-mail address: hyzhang@hit.edu.cn (H.Y. Zhang).
B.L. Wang et al. / International Journal of Solids and Structures 45 (2008) 4032–4048 4033by Qu and Hoiseth (1998); intra-laminar and inter-laminar progressive failure analyses of composite panels
with circular cutouts have been conducted by Goyal et al., 2004; eﬀects of constituent scale on stress transfer
and matrix cracking have been considered by Karbhari (1992); stiﬀness reduction of cracked cross-ply lami-
nates has been analyzed by Hashin (1986); prediction of ply crack formation and failure in laminates has been
made by McCartney (2002). Moreover, Razvan and Reifsnider (1991) studied the fracture behavior and
strength degradation of unidirectional graphite epoxy composite-materials; Gudmundson and Ostlund
(1992) predicted the thermoelastic properties of composite laminates with matrix cracks; Adolfsson and Gud-
mundson (1999) investigated matrix crack initiation and progression in composite laminates subjected to
bending and extension, and Gudmundson and Alpman (2000) tried to establish initiation and growth criteria
for transverse matrix cracks in composite laminates.
Fiber composite devices may contain aligned ﬁbers, which are under the application of a mechanical or a
thermal load during service. It is likely that the ﬁbers contain internal or edge defects, which will aﬀect their
reinforcement performance. In fact, it has been observed that in ﬁber/matrix composites, the ﬁbers tend to
cause cracks to form at closer spacing and delay the formation of a large crack. Such multiple ﬁber-cracking
conﬁgurations have been found in a number of ﬁber/matrix composites (e.g., Chiu et al., 1994; Jeng et al.,
1991; Thayer and Yang, 1993). To date, there is no rigorous fracture mechanics investigation of stress intensity
factor for multiple cracks in ﬁber/composite materials. This research provides an exact fracture mechanics
analysis for multiple cracking of ﬁber/matrix system. The solution method involves the use of Fourier and
Hankel transforms to reduce the mixed boundary value problem to Fredholm integral equations of the second
kind. The stress intensity factors and the stresses are derived in detail, and numerical results are given to show
the eﬀect of various medium sizes.
This paper is organized as follows: Section 2 gives the basic equations for axi-symmetric elasticity and the
boundary conditions. Elasticity governing equations for the ﬁber and the matrix are solved in Sections 3 and 4,
respectively. The continuity, periodicity, and surface conditions of the ﬁber and the matrix are satisﬁed in Sec-
tion 5. In Section 6, the crack face boundary conditions are considered and an integral equation is derived to
give the full mechanical ﬁeld in the medium. Numerical results are given in Section 7 and some conclusions are
drawn in Section 8.2. Statement of the problem
Fig. 1a shows a representative element of a multi-ﬁber real composite in which a solid cylindrical ﬁber is
embedded in an elastic matrix whose outer radius is c. The ﬁber has a radius b with a periodic array of penny
cracks of radius a along the z-axis. In a cylindrical coordinate system (r, h, z,), the origin of the z-axis is located
at the crack centers. Denote the quantity r1 as the applied stress at inﬁnity. We study the axi-symmetric prob-
lem such that all the ﬁeld variables are functions of r and z only.
Hereafter, u and w are the radial and axial components of the displacement vector. Because of symmetry
and periodicity, the problem can be considered for the region 0 < z < h. The crack problem is treated by the
superposition technique. That is, the problem without any cracks is ﬁrst solved and the equal and opposite
values of the stresses are added to the crack faces to form the applied loads, p0. Then, the problem shown
in Fig. 1a is equivalent to that in Fig. 1b, where the mixed boundary conditions on the z = 0 plane can be
stated as followsrzzðr; 0Þ ¼ p0ðrÞ ¼ r0ðrÞ; r < a; ð1aÞ
wðr; 0Þ ¼ 0; rP a: ð1bÞThe quantity r0 is the stress in the same ﬁber (but is un-broken), in the same matrix, subjected to the same far-
ﬁeld loading conditions at inﬁnity, as shown in Fig. 1a. Because of symmetry and periodicity, the problem
shown in Fig. 1b must also satisfy the following homogeneous boundary conditions:rrzðr; 0Þ ¼ rrzðr; hÞ ¼ 0; ð2Þ
wðr; hÞ ¼ 0: ð3Þ
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Fig. 1. A representative element of a multi-ﬁber real composite material, which includes a cracked ﬁber embedded in a matrix. (a) The
original problem, where the applied stress at inﬁnity is r1. The ﬁber has a periodic array of cracks along its axial direction; (b) The
equivalent problem, where r0 is the applied mechanical load on the crack faces, with r0 being the stress in the same ﬁber (but is un-
broken), in the same matrix, subjected to the same far-ﬁeld loading conditions at inﬁnity, as shown in (a).
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are:r ¼ ce; ð4Þ
where r and e are stress and strain vectors, respectively, deﬁned by:r ¼ ðrrr; rhh; rzz; rrzÞT; e ¼ ouor ;
u
r
;
ow
oz
;
ou
oz
þ ow
or
 T
; ð5Þand the material constant matrix c has the following form:c ¼
c11 c12 c13 0
c12 c11 c13 0
c13 c13 c33 0
0 0 0 c44
2
6664
3
7775; ð6Þ
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the ﬁber areorrr
or
þ orrz
oz
þ rrr  rhh
r
¼ 0; ð7aÞ
orrz
or
þ orzz
oz
þ rrz
r
¼ 0: ð7bÞEqs. (7) must be solved for the given boundary conditions Eqs. (1–3). They can be expressed in terms of dis-
placements with the substitution of Eqs. (4)–(6).3. Mechanical ﬁeld in ﬁber
Due to the symmetry and periodicity of the problem, it suﬃces to consider a region 0 < z < h. The solution
to the governing Eqs. (7) can be obtained by means of Hankel transform with respect to the variable r. It can
be expressed as:uðr; zÞ
wðr; zÞ
 
¼
Z 1
0
X4
m¼1
a1mJ 1ðsrÞ
a2mJ 0ðsrÞ
 
expðskmzÞAmdsþ
X1
n¼1
X2
m¼1
a1mI1 snkm r
 
cosðsnzÞ
a2mI0 snkm r
 
sinðsnzÞ
8><
>:
9>=
>;Bm; ð8Þwhere sn = np/h, Ji (i = 0,1) are the i-th order Bessel functions of the ﬁrst kind, Ii (i = 0,1) are the i-th modiﬁed
Bessel functions of the ﬁrst kind, Am(s) and Bm(s) are unknown functions of s. By substituting Eq. (8) into Eqs.
(4)–(6), the constants a1m, a2m, and the parameters km can be determined from:c11  c44k2m ðc13 þ c44Þkm
ðc13 þ c44Þkm c33k2m  c44

 ¼ 0; a2m ¼ 1; a1m ¼
ðc13 þ c44Þkm
c44k
2
m  c11
a2m: ð9ÞThe ﬁrst of Eq. (9) is an eigen-value problem consisting of four equations. Non-trivial ajm(j = 1,2) exist if k is a
root of the determinant. It can be shown that if km is a root of the determinant then km is also a root of the
determinant. The order of roots km (m = 1,. . .,4) is arranged such that Re(k1) < 0, Re(k2) < 0, and
Re(k3 =  k1) > 0, Re(k4 =  k2) > 0. Obviously, if (km,a1m, a2m) is a solution of Eq. (9), then (km,  a1m, a2m)
is also a solution of Eq. (9).
The stress ﬁeld can be obtained by diﬀerentiating Eqs. (8) to obtain the strain ﬁeld, and substituting it into
the constitutive Eqs. (4). This gives:rzzðr; zÞ
rzrðr; zÞ
 
¼
X4
m¼1
Z 1
0
s
C1mJ 0ðsrÞ
C3mJ 1ðsrÞ
 
expðskmzÞAmdsþ
X1
n¼1
X2
m¼1
1
km
sn
C1mI0 snkm r
 
cosðsnzÞ
C3mI1 snkm r
 
sinðsnzÞ
8><
>:
9>=
>;Bm; ð10Þ
rrrðr; zÞ ¼
X4
m¼1
Z 1
0
C4msJ 0ðsrÞ þ c12  c11r a1mJ 1ðsrÞ
h i
expðskmzÞAmds
þ
X1
n¼1
X2
m¼1
C4m
km
snI0
sn
km
r
 
þ c12  c11
r
a1mI1
sn
km
r
 	 

cosðsnzÞBm; ð11Þwhere the constants Cjm (j = 1,3,4; m = 1,. . .,4) are given in Appendix A.4. Solution of the elastic medium
We use the subscript e to represent the quantities in the elastic matrix. Analogous to the solution of the ﬁber
given in Section 3, the displacement ﬁeld in the elastic matrix is given below.
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X1
n¼1
X2
m¼1
b1m½I1ðsnnmrÞCm þ K1ðsnnmrÞDm cosðsnzÞ; ð12aÞ
we ¼
X1
n¼1
X2
m¼1
b2m½I0ðsnnmrÞCm  K0ðsnnmrÞDm sinðsnzÞ; ð12bÞwhere Ki (i = 0,1) are the i-th modiﬁed Bessel functions of the second kind, Cm and Dm are unknown coeﬃ-
cients, nm (m = 1,2) are eigen-values with positive real parts of the following characteristic equation:c11en
2
m  c44e ðc13e þ c44eÞnm
ðc13e þ c44eÞnm c33e  c44en2m

 ¼ 0; ð13aÞand (b1m, b2m) are corresponding eigen-vectorsb2m ¼ 1; b1m ¼ ðc13e þ c44eÞnm
c44e  c11en2m
b2m: ð13bÞThe stresses associated with Eqs. (12) in the elastic matrix are:rzze ¼
X1
n¼1
X2
m¼1
D1msn½CmI0ðsnnmrÞ  DmK0ðsnnmrÞ cosðsnzÞ; ð14aÞ
rzre ¼
X1
n¼1
X2
m¼1
D3msn½CmI1ðsnnmrÞ þ DmK1ðsnnmrÞ sinðsnzÞ; ð14bÞ
rrre ¼
X1
n¼1
X2
m¼1
D4msn½CmI0ðsnnmrÞ  DmK0ðsnnmrÞ cosðsnzÞ
þ c12e  c11e
r
X1
n¼1
X2
m¼1
b1m½CmI1ðsnnmrÞ þ DmK1ðsnnmrÞ cosðsnzÞ; ð14cÞwhere the constants Djm (j = 1,3,4; m = 1,2) are given in Appendix A.
Now, the unknowns involved in the problem are the 10 coeﬃcients Am, Bm, Cm and Dm (m = 1,2). They are
determined from the stress and/or displacement boundary conditions on the outer surface of the medium, and
the continuity conditions on the interface between the ﬁber and the elastic matrix, the periodicity conditions
(2) and (3), as well as the boundary conditions (1a) and (1b) on the crack surfaces.
5. Satisfying the continuity and surface conditions
To use the mixed boundary conditions Eq. (1) on the z = 0 plane, we deﬁne a function g such that,gðsÞ ¼
X4
m¼1
Ama2m: ð15ÞFrom the symmetry and periodicity conditions (2) and (3), and with the substitution of Eq. (8) into Eq. (15),
Am can be related to g through:AmðsÞ ¼ 1
1 expð2shkmÞ vmgðsÞ; Amþ2ðsÞ ¼  expð2shkmÞAm; ð16Þwhere (m = 1,2) and the material constants vm are given in Appendix A.
Now consider the boundary conditions (1b). Substituting Eq. (15) into Eq. (8), it follows thatZ 1
0
gðsÞJ 0ðsrÞds ¼ 0; rP a: ð17ÞHence, g has the solution of the form:
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Z a
0
UðtÞ sinðstÞdt; ð18Þprovided that lim
t!0
UðtÞ ¼ 0. It can be veriﬁed that Eq. (18) satisfy Eq. (17). To relate the unknown constants
Bm,Cm and Dm (m = 1,2) to g, the continuity and surface conditions at the interface and outer surface of the
composite cylinder must be considered.
(1) From the continuity conditions for displacements u and w at the r = b interface, we obtain (see Appen-
dices B and C):X2
m¼1
b1m½I1ðsnnmbÞCm þ K1ðsnnmbÞDm 
X2
m¼1
a1mI1
sn
km
b
 
Bm ¼
Z a
0
f1ðsn; tÞUðtÞdt; ð19Þ
X2
m¼1
b2m½I0ðsnnmbÞCm  K0ðsnnmbÞDm 
X2
m¼1
a2mI0
sn
km
b
 
Bm ¼
Z a
0
f2ðsn; tÞUðtÞdt; ð20Þwhere, the coeﬃcients fi in Eqs. (19)–(23) are obtained in Appendices B to F (i = 1,2,3,4).
(2) The continuity condition for the stress rzr at the interface r = b gives (see Appendix D):X2
m¼1
D3msn½I1ðsnnmbÞCm þ K1ðsnnmbÞDm þ
X2
m¼1
C3m
km
snI1
sn
km
b
 
Bm ¼
Z a
0
f3ðsn; tÞUðtÞdt: ð21Þ(3) The continuity condition for the stress rrr at the interface r = b yields (see Appendix E):X2
m¼1
D4msn½I0ðsnmbÞCm  K0ðsnnmbÞDm þ
c12e  c11e
b
X2
m¼1
b1m½I1ðsnnmbÞCm þ K1ðsnnmbÞDm

X2
m¼1
sn
km
C4mI0
sn
km
b
 
Bm  c12  c11b
X2
m¼1
a1mI1
sn
km
b
 
Bm
¼
Z a
0
f4ðsn; tÞUðtÞdt: ð22Þ(4) Finally, we consider the boundary conditions on the outer surface of the matrix. Since Fig. 1 is only a
representative element of a multi-ﬁber real composite. We must have stress and displacement continuities
at the outer surface of the matrix cylinder. We will consider, separately, two possible boundary condi-
tions on the outer surfaces:(i) stress free:rzreðc; zÞ ¼ 0; rrreðc; zÞ ¼ 0; ð23Þ
and
(ii) lateral stress free but radial displacement constrained:rzreðc; zÞ ¼ 0; ueðc; zÞ ¼ 0: ð24ÞEqs. (23) and (24) can be expressed in terms of the unknown constants Cm and Dm with the substitution of
Eqs. (12a)–(14c).
The algebraic equations Eqs. (19)–(23) or (24) can be used to solve the six unknowns, Bm,Cm and Dm
(m = 1,2). In the case of a single ﬁber, the coeﬃcients Cm and Dm (m = 1,2) are zero. In such case, if the ﬁber
is stress free on its outer surface, the coeﬃcients Bm are solved from Eqs. (21) and (22); if the ﬁber is fully con-
strained on its outer surface, the coeﬃcients Bm are solved from Eqs. (19) and (20); if the outer surface of
the ﬁber is lateral stress free but radial displacement constrained, the coeﬃcients Bm are solved from Eqs.
(19)–(21); and if the outer surface of the ﬁber is radial stress free but lateral displacement (w) constrained,
the coeﬃcients Bm are solved from Eqs. (20)–(22). On the other hand, for a ﬁber embedded in an inﬁnite matrix
(i.e. c b), the coeﬃcients Cm (m = 1,2) are zero, and Bm and Dm (m = 1,2) are solved from Eqs. (19)–(22).
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From the linear algebraic Eqs. (19)–(22), and one of Eqs. (23) and (24), the unknown functions Bm,Cm and
Dm (m = 1,2) can be expressed in terms of g. The functions Bm, which will be used later, are obtained as follow:BmðsnÞ ¼
Z a
0
f6mðsn; tÞUðtÞdt; ðm ¼ 1; 2Þ; ð25Þwhere f6m are known coeﬃcients. Note that the only unknowns in the ﬁber are U since Am and Bm (m = 1,2)
are related to U through Eqs. (16)–(18) and (25). The function U(r) will be determined from the crack face
boundary conditions through the Fredholm integral equations of the second kind.
By substituting Eqs. (16)–(18) and (25) into Eqs. (10), and using the crack face boundary conditions (1a),
we obtain:Z 1
0
J 0ðsxÞ
Z a
0
s sinðstÞK0UðtÞdt
	 

dsþ
Z a
0
wðx; rÞUðrÞdr ¼ p0ðxÞ; ð26Þin which,wðx; rÞ ¼
Z 1
0
sJ 0ðsxÞ sinðsrÞ½KðsÞ  K0dsþ
X2
m¼1
1
km
C1m
X1
n¼1
snf6mðsn; rÞI0 snkm x
 
; ð27ÞwhereKðsÞ ¼
X2
m¼1
1þ expð2shkmÞ
1 expð2shkmÞC1mvm; ð28Þand K0 is the asymptotic value of K(s) when s approaches inﬁnity:K0 ¼
X2
m¼1
C1mvm; ð29ÞEqs. (26) can be further simpliﬁed to (see Appendix F)K0UðtÞ þ
Z a
0
Kðt; rÞUðrÞdr ¼ 2
p
Z t
0
xp0ðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  x2
p dx; ð30Þin which the integral kernel K isKðt; rÞ ¼ 4
p
X2
m¼1
C1mvm
Z 1
0
expð2shkmÞ
1 expð2shkmÞ sinðsrÞ sinðstÞds
þ 2
p
X2
m¼1
C1m
X1
n¼1
f6mðsn; rÞ sinh snkm t
 
: ð31Þ6.1. Stress intensity factors
The integral Eqs. (30) can be solved by a standard procedure (e.g. by collocation method). From the fol-
lowing expressionsk1 ¼ lim
r!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðr  aÞ
p
rzzðr; 0Þ; ð32Þthe stress intensity factor becomes:k1 ¼  1ﬃﬃﬃap K0UðaÞ: ð33Þ
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arewðr; 0Þ ¼
Z a
r
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  r2
p UðtÞdt: ð34Þ6.2. Stresses
A quantity of considerable practical interest is the stress rzz(r, z), as it may cause further cracking of the
ﬁber. It is expected that the overall stress is maximized at the plane z = h as it is farthest away from the crack
which is a stress free zone. Substituting Eqs. 16,18 and 25 into Eq. (10), the stress at the plane z = h can be
obtained as follows:rzzðr; hÞ ¼
X2
m¼1
C1m
Z a
0
Rmðr; tÞUðtÞdt; ð35ÞwhereRmðr; tÞ ¼ 2vm
Z 1
0
J 0ðsrÞ s expðshkmÞ
1 expð2shkmÞ sinðstÞdsþ
1
km
X1
n¼1
snf6mðsn; tÞI0 snkm r
 
cosðsnhÞ; ð36ÞIt should be note that Eq. (35) would give the stress for the perturbation problem solved under the conditions
Eqs. (1–3). To obtain the correct stress, the solution of the un-cracked medium under prescribed external loads
must be added to that given by Eq. (35).
The average stress at the plane z = h in the ﬁber can be obtained asrzzðhÞ ¼ 1
pb2
Z b
0
rxzðr; hÞð2prÞdr ¼ 2b
X2
m¼1
C1m
Z a
0
Rmðr; tÞUðtÞdt; ð37ÞwhereRmðtÞ ¼ 2vm
Z 1
0
J 1ðsbÞ expðshkmÞ
1 expð2shkmÞ sinðstÞdsþ
X1
n¼1
f6mðsn; tÞI1 snkm b
 
cosðsnhÞ; ð38ÞIt should also be note that Eq. (37) gives the average stress on the ﬁber plane for the perturbation problem
solved under the conditions Eqs. (1–3). To obtain the correct average stress in the ﬁber, the solution of the
un-cracked medium under prescribed external loads must be added to that given by Eq. (37).
7. Numerical results and discussions
To verify the model, the stress intensity factor for a single crack in a ﬁber embedded in an inﬁnite matrix is
calculated as a function of crack radius. The results are shown in Fig. 2. It is found that, for this special case,
the normalized stress intensity factors are very similar to those reported by Sih and Chen (1981). Since no
result for the ﬁnite crack spacing is available in the literature, it is not possible to compare the results for
the multiple crack problems. The advantages of the proposed mode are (1) it can make a rapid prediction
for the crack tip ﬁeld intensities for ﬁnite crack spacing (multiple crack problems); (2) it can deal with ﬁnite
crack geometry, ﬁnite ﬁber radius, and ﬁnite matrix size.
Numerical results are given for a ﬁber/matrix composite system. Denote Ef as the elastic modulus of the
ﬁber and Em as the elastic modulus of the matrix. Since the ﬁber is usually much stiﬀer than the matrix, a typ-
ical ﬁber to matrix stiﬀness ratio, Ef/Em = 21, is used. The values of the Poisson’s ratio for the ﬁber and the
matrix are, respectively, 0.2 and 0.5. These values represent a typical system of glass ﬁber embedded in epoxy
resin (Sih and Chen, 1981). The volume fractions of the ﬁber and matrix of the composite are denoted as vf and
vm, respectively. The elastic properties of the constituent material phases of the composites are calculated by
the formulas
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Fig. 2. Model veriﬁcation: a single crack in a ﬁber embedded in an inﬁnite matrix (Poisson’s ratio for the ﬁber and the matrix: 0.3).
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c12 ¼ c13 ¼ tEeð1þ tÞð1 2tÞ ;
c44 ¼ E
2ð1þ tÞ ;
ð39Þwhere E and t are the elastic modulus and Poisson’s ratio of the ﬁber or matrix.
In the following Sections 7.1 and 7.2, a normal tension stress r0 applied at inﬁnity in the ﬁber and a residual
temperature DT0 are considered separately.7.1. Normal extension r0 applied at inﬁnity
Fig. 3 shows the stress intensity factor as a function of crack radius for the cases of a pure ﬁber, a ﬁber
volume fraction 40% and a ﬁber in an inﬁnite matrix. A crack spacing 2h = 4b and a single crack (2h = inﬁn-
ity) are considered. The results are normalized with k0 ¼ ð2=pÞr0
ﬃﬃﬃ
a
p
, which is the stress intensity factor of the
inﬁnitesimal crack (that is, 2h a and b a). Due to symmetry in both loading and geometric conditions,
the crack tip is free from shear stress singularity. The zero stress and zero displacement on the outer surface
of the matrix represent two bounds of the solution. However, the two bounds are found to be insigniﬁcantly0.0 0.2 0.4 0.6 0.8
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Fig. 3. Stress intensity factors caused by the mechanical load r0 as a function of crack radius, where k0 ¼ ð2=pÞr0
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increasing function of crack radius for any speciﬁed crack spacing and ﬁber volume fraction. Eﬀect of ﬁber
volume fraction is only signiﬁcant for large crack radius (e.g., a > 0.5b) and large crack spacing (e.g.,
h > 2b). When crack spacing 2h is smaller than 4b the results for the cases of a pure ﬁber, a ﬁber of 40% volume
fraction and a ﬁber in an inﬁnite matrix are almost identical, indicting the insigniﬁcance of the eﬀect of ﬁber
volume fraction on the stress intensity factor for small crack spacing. Results in Fig. 3 also suggest that the
stress intensity factor is considerably reduced by multiple cracking (especially for larger crack radius).
In Fig. 4, the stress intensity factor is plotted as a function of crack spacing to ﬁber radius ratio. Results are
presented for a normalized crack radius a/b = 0.5. In this saturation, since the crack radius is relatively small
the eﬀect of ﬁber volume fraction is not signiﬁcant. It can be seen that the stress intensity factor decreases
monotonously with decreasing crack spacing. Thus, the fact that multiple cracking reduces the stress intensity
factor is conﬁrmed.
All results in Figs. 3 and 4 show that as the relative radius of the crack decreases, the ﬁeld intensities
decrease. Also, the ﬁeld intensities for a ﬁnite matrix are always greater than those for the inﬁnite matrix. This
means that the existence of the matrix can reduce the stress intensity factor of the cracks in the ﬁber. The
results obtained for the ﬁber in a ﬁnite matrix reside between those obtained for the pure ﬁber and those
obtained for the ﬁber in an inﬁnite matrix. However, the diﬀerences observed are quite small, and are even
negligible when a < 0.5b or for h < 2b.0 1 2 3 4 5 6
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Fig. 4. Stress intensity factors as functions of crack spacing (a/b = 0.5).
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for various values of ﬁber volume fraction and crack spacing. Since the ﬁber is usually fully broken, the
case of a? b is considered, which is simulated by a = 0.995b in the analytical model. It can be seen that
the stress inside the ﬁber is a very complicate function of crack spacing: it can increase or decrease with
crack spacing. Due to cracking, the stress at the ﬁber center is always smaller than those at elsewhere of
the ﬁber. The stress in the ﬁber is an increasing function of position r and reaches the highest value at the
ﬁber/matrix interface.
Although the stress inside the ﬁber may increase or decrease with crack spacing, the average stress on the
ﬁber plane is always a decreasing function of decreasing crack radius. This can be seen from Fig. 6, which plots
the average stress as function of crack radius for selective values of crack spacing and ﬁber volume fraction
(the average stress is calculated from Eq. (37)). It can be seen that the average stress on the ﬁber plane is also a
decreasing function of increasing crack radius.
7.2. Residual temperature DT0
Prediction of fracture of ﬁber reinforced composite materials under thermal loading is of critical impor-
tance in the safe design of composite structures (Walls et al., 1993; Bao and McMeeking, 1995). If the entire
composite system is subjected to a residual temperature DT0, the stresses for the un-cracked ﬁber and matrix
can be calculated asr0 ¼ Ef ðe afDT 0Þ; rm ¼ Emðe amDT 0Þ; ð40Þ
where r0 and rm are, respectively, axial stresses in the ﬁber and the matrix; af and am are, respectively, the
coeﬃcients of thermal expansion of the ﬁber and the matrix; and e is the axial strain of the composite. The
equilibrium of the system requires that r0 vf + rmvm = 0, which can be used together with Eq. (40) to give
the stress in the ﬁber:r0 ¼ Ef Emvmðam  af ÞEf vf þ Emvm DT 0: ð41ÞThis stress will be substituted into Eq. (1a) to solve the crack problem. It can be seen that in the case of pure
ﬁber there is no residual stress in the ﬁber, and in the case of inﬁnite matrix the residual stress in the ﬁber is
r0 = Ef(am af)DT0. Thus the amplitude of the residual stress increases with increasing matrix content in the
composite.
In Figs. 7 and 8 the normalized stress intensity factors are plotted as functions of crack radius, crack spac-
ing and ﬁber volume fraction. It can be seen that the stress intensity factors increase dramatically with increas-
ing matrix content in the composite. Multiple cracking also reduces the stress intensity factors. Solution for0.0 0.2 0.4 0.6 0.8 1.0
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B.L. Wang et al. / International Journal of Solids and Structures 45 (2008) 4032–4048 4043the single crack is the extreme case corresponding to inﬁnite crack spacing. Eﬀects of crack spacing and matrix
content on the average stress in the cross-section of the ﬁber are similar to on the stress intensity factors. A
shown in Fig. 9, the average stress decreases with decreasing crack spacing and decreasing matrix volume frac-
tion. Further, the average stress also decreases with the increasing crack radius. This means that due to crack-
ing, the residual stress inside the ﬁber is released.8. Conclusions
The problem of a periodic array of internal cracks in a cylindrical ﬁber embedded in an elastic matrix has
been modeled by integral equation technique. Solutions for various special cases, such as a pure ﬁber, and a
ﬁber in an inﬁnite matrix, can be easily obtained from the established analytical model. The stress and the
stress intensity factor are expressed in terms of the applied loads and material parameters. It is found that
the elastic matrix has a tendency to reduce the stress and the stress intensity factors for the case of stress load
applied to the system. For the case of residual thermal load, the stress and the stress intensity factors dramat-
ically increase with increasing matrix content. The crack spacing has a signiﬁcant eﬀect on the stress intensity
factor at the crack front and the stress inside the ﬁber. The stress intensity factor and the stress increase with
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Fig. 9. Normalized average value of the residual stress in the ﬁber on the mid-plane between two adjacent cracks as functions of crack
radius, where k0 = Ef(am  af)DT0, the dash lines are for h/b = 5 and the solid lines are for h/b = 0.5.
4044 B.L. Wang et al. / International Journal of Solids and Structures 45 (2008) 4032–4048increasing crack spacing. All results show that multiple cracking of the ﬁber can enhance the strength of the
ﬁber/matrix composites.
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Appendix A
Material constants Cjm (j = 1,3,4; m = 1,. . .,4) are given by:C1m ¼ c13a1m þ c33kma2m; ðA1aÞ
C3m ¼ c44kma1m  c44a2m; ðA1bÞ
C4m ¼ c11a1m þ c13kma2m; ðA1cÞThese coeﬃcients have the relationship: Ci(m+2) =  Cim and Cj(m+2) = Cjm where (i = 1,4; j = 3; m = 1,2).
Material constants Djm (j=1,3,4; m=1,2) are as follows:D1m ¼ c13eb1mnm þ c33eb2m; ðA2aÞ
D3m ¼ c44eb1m þ c44eb2mnm; ðA2bÞ
D4m ¼ c11eb1mnm þ c13eb2m: ðA2cÞMaterial constants vm (m = 1,2) are as follows:v1
v2
 
¼ a21 a22
C31 C32
	 
1 1
0
 
: ðA3ÞAppendix B
From Eqs. (8) and (12a), the continuity condition for the displacement along the r-direction at the interface
r = b gives:
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0
X4
m¼1
a1mJ 1ðsbÞ expðskmzÞAmdsþ
X2
m¼1
a1m
X1
n¼1
I1
sn
km
b
 
cosðsnzÞBm
¼
X2
m¼1
X1
n¼1
½b1mI1ðsnnmbÞCm þ b1mK1ðsnnmbÞDm cosðsnzÞ: ðB1ÞAfter Fourier cosine inversion, Eq. (B1) becomes2
h
Z 1
0
X4
m¼1
AmðaÞa1mJ 1ðabÞ
Z h
0
cosðsnzÞ expðakmzÞdz
 
da
¼
X2
m¼1
½b1mI1ðsnnmbÞCm þ b1mK1ðsnnmbÞDm 
X2
m¼1
a1mI1
sn
km
b
 
Bm ðB2ÞSubstituting Eqs. (16) and (18):AmðaÞ ¼ 1
1 expð2ahkmÞ vmgðaÞ; Amþ2ðaÞ ¼  expð2ahkmÞAmðaÞ; ð16Þ
gðaÞ ¼
Z a
0
UðtÞ sinðatÞdt ¼ 0; ð18Þinto Eq. (B2), we obtain Eq. (19) wheref1ðsn; tÞ ¼  2h
Z 1
0
X3
m¼1
vma1m sinðatÞJ 1ðabÞ
akm
s2n þ a2k2m
da: ðB3ÞSubstituting of the integral identities (Gradshteyn and Ryzhik, 1965):Z 1
0
sinðatÞJvðabÞ a
v
a2 þ s2 da ¼ s
v1 sinhðstÞKvðsbÞ;
where ½0 < t 6 b;ReðsÞ > 0;1 < ReðvÞ < 1:5; ðB4aÞ
and Z 1
0
cosðatÞJvðabÞ a
vþ1
a2 þ s2 da ¼ s
v coshðstÞKvðsbÞ;
where ½0 < t 6 b;ReðsÞ > 0;1 < ReðvÞ < 0:5; ðB4bÞ
into Eq. (B3) givesf1ðsn; tÞ ¼  2h
X3
m¼1
vma1m
km
sinh  sn
km
t
 
K1  snkm b
 
: ðB5ÞAppendix C
From Eqs. (8) and (12b), the continuity condition for the axial displacement at the interface r = b gives:Z 1
0
X4
m¼1
a2mJ 0ðsbÞ expðskmzÞAmdsþ
X2
m¼1
a2m
X1
n¼1
I0
sn
km
b
 
sinðsnzÞBm
¼
X2
m¼1
X1
n¼1
½b2mI0ðsnnmbÞCm  b2mK0ðsnnmbÞDm sinðsnzÞ: ðC1ÞBy Fourier sine inversion, we obtain:
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m¼1
½b2mI0ðsnnmbÞCm  b2mK0ðsnnmbÞDm 
X2
m¼1
a2mI0
sn
km
b
 
Bm
¼ 2
h
Z 1
0
X4
m¼1
AmðaÞa2mJ 0ðabÞ
Z h
0
sinðsnzÞ expðakmzÞdz
 
da ðC2ÞSubstituting Eqs. (16) and (18) into Eq. (C2), Eq. (20) is derived, wheref2ðsn; tÞ ¼ 2h
Z 1
0
X2
m¼1
vma2m sinðatÞJ 0ðabÞ
sn
s2n þ a2k2m
da: ðC3ÞApplication of Eq. (B4) to Eq. (C3) givesf2ðsn; tÞ ¼  2h
X3
m¼1
vma2m
km
sinh  sn
km
t
 
K0  snkm b
 
: ðC4ÞAppendix D
From the continuity condition for the stress rzr at the interface r = b we obtain:X4
m¼1
C3m
Z 1
0
sJ 1ðsbÞ expðskmzÞAmds
X2
m¼1
C3m
km
X1
n¼1
snI1
sn
km
b
 
sinðsnzÞBm
¼
X2
m¼1
D3m
X1
n¼1
sn½I1ðsnnmbÞCm þ K1ðsnnmbÞDm sinðsnzÞ; ðD1ÞUsing Fourier sine inversion to Eq. (D1) and with substituting of Eqs. (16) and (18), we obtain Eq. (21)
wheref3ðsn; tÞ ¼ 2h
Z 1
0
X2
m¼1
vmC3m sinðatÞJ 1ðabÞ
asn
s2n þ a2k2m
da ðD2ÞIt follows from Eqs. (B4) and (D2) thatf3ðsn; tÞ ¼ 2h sn
X3
m¼1
vmC3m
k2m
sinh  sn
km
t
 
K1  snkm b
 
: ðD3ÞAppendix E
The continuity condition for the stress rrr at the interface r = b gives:X4
m¼1
C4m
Z 1
0
sJ 0ðsbÞ expðskmzÞAmdsþ
Z 1
0
c12  c11
b
J 1ðsbÞ
X4
m¼1
a1m expðskmzÞAmds
þ
X2
m¼1
1
km
C4m
X1
n¼1
snI0
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b
 
cosðsnzÞBm þ c12  c11b
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m¼1
a1m
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n¼1
I1
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b
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¼
X2
m¼1
D4m
X1
n¼1
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b
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m¼1
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X1
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þ K1ðsnnmbÞDm cosðsnzÞ: ðE1Þ
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: ðE3ÞAppendix F
Integrating the inner integral of the ﬁrst term on the LHS of Eqs. (26) by parts, we obtainZ a
0
s sinðstÞK0UðtÞdt ¼  cosðsaÞK0UðaÞ þ
Z a
0
cosðstÞ d½K0UðtÞ
dt
dt: ðF1ÞSubstituting Eq. (F1) into Eqs. (26) and using the integral identity (Gradshteyn and Ryzhik, 1965):Z 1
0
cosðstÞJ 0ðsxÞds ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃ
x2t2
p ; x > t
0; x < t

ðF2Þwe obtainZ x
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  t2
p d½K0UðtÞ
dt
	 

dt þ
Z a
0
wðx; rÞUðrÞdr ¼ p0ðxÞ: ðF3ÞIt is well-known that the Abel integral equation:f ðxÞ ¼
Z x
0
gðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  t2
p dt; ðF4Þ
has a solution:gðtÞ ¼ 2
p
d
dt
Z t
0
xf ðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  x2
p dx: ðF5ÞHence, it can be shown from Eqs. (F3) thatK0UðtÞ þ 2p
Z t
0
x
R a
0
wðx; rÞUðrÞdrﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  x2
p dx ¼ 2
p
Z t
0
xp0ðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  x2
p dx: ðF6ÞBy substituting Eq. (27) into Eq. (F6), and using the results:Z t
0
xI0ðsxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  x2
p dx ¼ t
Z 1
0
mI0ðsmtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 m2
p dm ¼ sinhðstÞ
s
; ðF7Þ
Z t
0
xJ 0ðsxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  x2
p dx ¼ t
Z 1
0
mJ 0ðsmtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 m2
p dm ¼ sinðstÞ
s
; ðF8ÞEqs. (30) can be obtained.
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